Abstract. Let S be a nonsingular projective K-trivial surface, and let V be a vector bundle on S of rank s. We calculate the top Segre class of the tautological bundle over the Hilbert scheme of n points of S associated to V . In the rank s = 1 case, our result specializes to Lehn's previously conjectured formula.
1. Introduction 1.1. Lehn's conjecture. Let S be a nonsingular projective surface. A line bundle L → S gives rise to a tautological rank n vector bundle
on the Hilbert scheme n of points of S. Let Φ be a multiplicative characteristic class. By [EGL] , the generating series of integrals of Φ (L [n] ) takes the form
for universal power series (1) s 1 (z) , s 2 (z) , s 3 (z) , s 4 (z) ∈ Q [[z] ] .
The series s 1 and s 2 are uniquely determined by K-trivial geometries and are typically more accessible. Closed formulas for s 3 , s 4 are usually harder to compute. Lehn [L] considered the case where Φ is the Segre class and conjectured closed formulas for all four series (1). In the rephrasing of [MOP] , after the change of variables z = 1 2 t(1 + t) 2 , the series are given by s 1 (z) = (1 + t) Date: December 2017.
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For K-trivial surfaces, Lehn's conjecture was proved and the series s 1 and s 2 were confirmed via a study of the virtual geometry of the Quot scheme in [MOP] . Voisin [V] studied the case of the blowup of a K3 in one point and proved the vanishing of certain Segre integrals by Reider type techniques. 1 These vanishings are enough to determine the series s 3 and s 4 via the residue calculations in [MOP2] . As a result, Lehn's conjecture is established for all nonsingular projective surfaces S.
1.2. Main result. The Segre integrals of Lehn's conjecture are natural to consider in higher rank.
2 Let V → S be a rank s vector bundle over S, and let
be the associated rank sn tautological bundle on the Hilbert scheme n of points of S. Set
s 2n (V [n] ) .
In [MOP2] , a closed form expression for Seg(z) was conjectured in the K-trivial case. We prove the conjecture here.
Theorem 1. Let S be a K3 surface, and let V → S be a rank s = r − 1 vector bundle. We have
where the formulas for the series A 1 , A 2 , and A 3 are
under the change of variables
Remark 1. Finding the higher rank Segre series for an arbitrary surface S requires the calculation of two additional universal series A 4 , A 5 to account for the values c 1 (V ) · K S 1 In hindsight, the vanishing proved by Voisin over the K3 blowup can be rephrased as
Here, E is the exceptional divisor and H is pulled back from the K3. This formula is consistent with Lehn's conjectured series. 2 Higher rank cases arise, for example, in the virtual geometry [MOP] of the Quot scheme of S.
and K 2 S . For all surfaces, motivated by strange duality, Johnson [J] conjectured that the Segre series should be related to the generating series of Verlinde numbers
where H = det V , the line bundle H (n) is pulled back from the symmetric product, and E denotes − 1 2 of the exceptional divisor on the Hilbert scheme. Johnson's proposal was supported by computations for low n. Building on these calculations, the above formulas for A 1 , A 2 , A 3 were proposed in [MOP2] . An explicit change of variables connecting A 4 , A 5 to the Verlinde series was also conjectured in [MOP2] . Work on determining these last two series explicitly is in progress.
Remark 2. The simplicity of the expressions in Theorem 1 is deceiving. The individual Segre integrals turn out to be quite complicated. For instance, for a K3 surface S and n = 2, we have
where V is a vector bundle of rank s with Chern classes c 1 and c 2 . For arbitrary surfaces, the answers are even more involved.
Remark 3. For nonsingular projective curves, the generating series of higher rank Segre integrals was determined in [MOP2] . A change of variables similar to (3) is needed to express the answer in closed form.
1.3. Strategy of proof. To establish Theorem 1, the key observation is that the Segre integrals, which are generally very complicated, take a simpler form for sheaves with small deformation spaces. The most beautiful formulas are obtained for rigid vector bundles and for vector bundles with isotropic Mukai vectors. Let
be the Mukai vector of V , let , denote the Mukai pairing, and set χ = χ(S, V ).
Theorem 2. Let S be a K3 surface, and let V → S be a rank s = r − 1 vector bundle.
Theorem 2 is proven by a direct geometric argument in the spirit of [V] in the rank s = 1 case. We will then show by a residue calculation that Theorems 1 and 2 are equivalent. Variations for abelian and Enriques surfaces will also be given. 2. Proofs 2.1. Residue calculations. We begin by explaining how the special formulas of Theorem 2 are predicted by the series in Theorem 1. Conversely, we will prove later that these predictions are equivalent to the statement of Theorem 1.
Let S be a K3 surface. For a vector bundle V → S with Mukai vector v, let
as in Sections 1.2 -1.3. The statement of Theorem 1 then becomes (5)
For convenience, we define
We then need to prove
An important observation is that the quantity (6) is the dimension of the moduli space M v of stable sheaves of type v on the K3 surface S,
We express the Segre integrals as residues
Substituting equation (5) in the above residue and using the change of variables (3), we are equivalently seeking to prove the following formula for the top Segre classes:
The formula yields a remarkably simple answer in the following two cases, leading to the statement of Theorem 2.
(i) When α = 0, we expect
In particular, when r = 2 we recover the known line bundle result of [MOP] ,
(ii) When α = 1, we expect
2.2.
Vanishing results. We now prove Theorem 2. The proof is guided by the simple form of the expected answers and parallels the argument of [V] in the rank s = 1 case. Fix the rank s throughout. By Theorem 4.1 of [EGL] , the Segre integrals are universal polynomials in c 2 1 and c 2 . By deformation invariance, we may take S to be a K3 surface of Picard rank one, Pic (S) = ZH.
We write H 2 = 2g − 2 . For the argument, we may assume 3 that V → S is an H-stable vector bundle of rank s > 1 with c 1 (V ) = H, so that the Mukai vector equals
We assume of course that
In both of these cases, we know the moduli space of H-stable sheaves with Mukai vector v is nonempty. The moduli space is either a point, or a K3 surface. Since s > 1, the locus of locally free sheaves V in the moduli space with Mukai vector v is nonempty. The simplest proof of the non-emptiness is obtained by invoking Yoshioka's classification of Mukai vectors yielding moduli consisting entirely of nonlocally 3 H-stability is Gieseker stability with respect to the polarization H. The values of c 2 1 and c2 for H-stable bundles of fixed rank s > 1 are Zariski dense in C 2 . The s = 1 case of Theorem 2 is already known [MOP, V] . free sheaves in Proposition 0.5 of [Y2] . His classification does not include vectors v as above.
Under the assumptions of the above paragraph, we show the following vanishings.
Proposition 1. We have
Proof. Recall that V is said (n − 1)-very ample if the evaluation map
is surjective for all Z ∈ S [n] . This is equivalent to the surjectivity of the natural vector bundle map
We will show that this is the case under our numerics in Proposition 2 below. By the definition of Segre classes, whenever the evaluation map is surjective, we have the vanishing
In our situation, by Serre duality and stability,
Furthermore, for χ > 0 we have
The vanishing (8) is established in the proof of Proposition 2 below, where it is argued that there do not exist nontrivial extensions
Hence h 0 (S, V ) = χ(V ), and thus (n − 1)-very ampleness of V implies the vanishing
For (r + 1)n > χ(V ), we obtain
Proposition 2. We have
Proof. The evaluation map (7) is surjective if H 1 (V ⊗ I Z ) = 0 for all Z ∈ S [n] . Assume, for contradiction,
The cohomology group (9) is Serre dual to Ext 1 (I Z , V ∨ ) which is the space of extensions
By assumption, we have a non-split extension. If V is H-stable with c 1 (V ) = H, then Lemma 2.1 of [Y1] shows that the middle term E of any non-split extension
For the benefit of the reader, let us recall the argument in [Y1] in our context. Since c 1 (V ) = H is primitive, note first that the H-stability of V implies that V is in fact slope-stable, therefore V ∨ is slope-stable, hence V ∨ is H-stable as well.
Assuming now that E is not H-stable, let G ֒→ E be the maximal semistable destabilizing subsheaf. We have
We see that G cannot be a subsheaf of the kernel V ∨ since this would contradict the H-stability of the latter. Therefore, we have a nonzero morphism
The H-semistability of G now gives µ G ≤ 0 . Writing c 1 (G) = aH we deduce a ≤ 0. Since µ G ≥ µ E , we obtain
Therefore, we have a = 0 and c 1 (G) = 0 .
Furthermore, if nonzero, the kernel K of φ is a subsheaf of V ∨ of slope zero, contradicting the H-stability of V ∨ . Thus, we have
for a zero-dimensional subscheme W ⊂ S. We consider the exact sequence
and the associated sequence of extension groups
The first group is zero by Serre duality since Q is supported on finitely many points. We conclude that f is injective. However, the image of the extension (10) in Ext
trivial. The contradiction shows that E must be H-stable. Now, we calculate
In both cases of Proposition 2, we obtain
Therefore, by Serre duality,
Since E is H-stable hence simple, we have a contradiction. Hence, (9) does not hold. The proofs of Proposition 2 and Proposition 1 are therefore complete.
2.3. Proof of Theorem 2. As noted previously, the Segre integral
the integral is in fact a polynomial of degree n in χ. Proposition 1 shows that the Segre classes vanish at precisely n values of χ namely rn ≤ χ < (r + 1)n.
Therefore,
s 2n (V [n] ) = c · χ − rn n for some constant c. We will identify the constant c = r n by proving
as a polynomial in χ.
The argument is most naturally expressed by rewriting (2) in exponential form,
Restricting to the line v, v = −2 in the (c 2 1 , c 2 )-plane, we obtain
for power series U and V . Let
Then, extracting the coefficient of z n in the above expression yields
In particular, for n = 1, we obtain S s 2 (V ) = u 1 χ + l.o.t. . Direct calculation shows s 2 (V ) = rχ − r 2 so that u 1 = r. After substitution, we find the leading term to be u n 1 n! = r n n! .
For part (ii), the same argument only gives n − 1 roots of the polynomial expressing the Segre integral. Combined with the leading term calculations, we conclude
for some constant c. We will prove c = n −r + 1 r by computing the next term in the Segre polynomial in χ. Indeed, for the right hand side, the χ n−1 coefficient is easily seen to be
We compute the χ n−1 coefficient on the left. As before, we have
where
We obtain
When n = 1, we find
When n = 2, for isotropic vectors, equation (4) simplifies to
Using the above asymptotics, we have
Thus, for arbitrary n, the χ n−1 -coefficient equals
2 ) (n − 2)! .
Comparison of (11) and (12) yields the requisite value for the constant c, completing the argument.
2.4. Proof of Theorem 1. By [EGL] , the generating series of Segre integrals takes the form
. We show that these power series are as claimed by Theorem 1:
Fix an integer χ > s, and let g = s(χ − s). Consider (X, H) a K3 surface of genus g, and let V be a vector bundle with Mukai vector Since χ is arbitrary, we obtain We now derive an additional equation using isotropic bundles corresponding to the second part of Theorem 2. To this end, let g = s(χ − s) + 1. Let V → S be a vector bundle with Mukai vector v = (s, H, χ − s) =⇒ v, v = 0 .
We then calculate c 1 (V ) 2 − c 2 (V ) = χ(s + 1) − s 2 − 2s , χ(c 1 (V )) = sχ + 2 − s 2 .
Repeating the above argument for the new numerics, we replicate equation (13) (16) and (17) and completes the proof.
